
601.433/633 Introduction to Algorithms Fall 2025
Homework #5 Due: Nov 17, 2025, 11:59pm

Remember: you may work in groups of up to three people, but must write up your solution
entirely on your own. Collaboration is limited to discussing the problems – you may not look at,
compare, reuse, etc. any text from anyone else in the class. Please include your list of collaborators
on the first page of your submission. You may use the internet to look up formulas, definitions,
etc., but may not simply look up the answers online.

Please include proofs with all of your answers, unless stated otherwise.

1 Faster Shortest Paths (25 points)

Let G = (V,E) be a directed graph with lengths ℓ : E → R with no negative-length cycles. Let
v ∈ V , and let α denote the maximum, over all u ∈ V , of the number of edges on a shortest path
from v to u (where the shortest-path is defined with respect to the weights). Given G, ℓ, and v
(but not α), give an algorithm that computes shortest path distances from v to all other nodes in
O(mα) time. You may assume that m = Ω(n). Prove correctness and running time.

2 Multi-Set Shortest Paths (25 points)

Let G = (V,E) be a directed graph with weighted edges; edge weights can be positive, negative, or
zero. There are no negative-weight cycles. Suppose the vertices of G are partitioned into k disjoint
subsets V1, V2, . . . , Vk; that is, every vertex of G belongs to exactly one subset Vi. For each i, j ∈ [k],
let δ(i, j) denote the minimum shortest-path distance between vertices in Vi and vertices in Vj :

δ(i, j) = min {d(vi, vj) | vi ∈ Vi and vj ∈ Vj}

Design an algorithm to compute δ(i, j) for all i, j ∈ [k] that runs in time O(mn + kn log n).
Prove correctness and running time.

3 MSTs and light edges (25 points)

Let G = (V,E) be an undirected graph, and let w : E → R+ be a positive edge weighting (edge
weights are not necessarily distinct). Recall that a light edge for a cut (S, V \S) is an edge crossing
the cut (one endpoint in S and one endpoint not in S) with weight at most the weight of any edge
crossing the cut.

(a) (8 points) Let T be an MST. Prove that every edge e ∈ T is a light edge for some cut.

(b) (8 points) Let (S, V \ S) be a cut such that there is a unique light edge e for the cut. Prove
that e must be in every MST.

(c) (9 points) Prove that the minimum spanning tree is unique if, for every cut in the graph,
there is a unique light edge for the cut.
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4 Matroids (25 points)

(a) (12 points) Let G = (V,E) be an connected undirected graph. Let I = {I ⊆ E : (V,E \
I) is connected}. Prove that (E, I) is a matroid.

(b) (13 points) Let U be a finite set and let U1, U2, . . . , Uk be a partition of U into nonempty
disjoint subsets (where k ≥ 2). Let r1, r2, . . . rk be positive integers. Let I = {S ⊆ U :
|S ∩ Ui| ≤ ri} for all i ∈ {1, 2, . . . k}. Prove that (U, I) is a matroid.
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